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Abstract 

We prove that, for re G (0,4) and p > (re — 4)/2, the chordal SLE(re; p) trace started from 
(0; + ) or (0; 0~) satisfies the reversibility property. And we obtain the equation for the reversal 
of the chordal SLE(re; p) trace started from (0;foo), where bg > 0. 



p^ 1 Introduction 

CM ' 

In the proof of the reversibility of the SLE(re) trace ([H]), where re € (0,4], a new technique was 
developed to construct a coupling of two SLE(re) traces, such that in that coupling, the images of 
the two traces coincide, and the directions of the two traces are opposite. That technique was then 
used to prove the Duplantier's duality conjecture ([13] [H]). Comparing Theorem 5.4 in [13] with 
Julien Dubedat's Conjecture 2 in [3J, the author proposed the following conjecture in [15] . 

Conjecture 1 Let /3o(t), < t < oo, be a chordal SLE(k; p + , p_) trace started from (0;0 + ,0~), 
V/~j ' where n e (0,4) andp + ,p_ > (re— 4)/2. LetWo(z) — 1/z. Then after a time-change, (Wo(f3o(l/i))) f 

^sO , < £ < oo, /«zs i/ie same distribution as {/3o{t)), < t < oo. 

(N ■ 

It's already known that this conjecture holds in some special cases. If p+ = p_ = 0, then /3q is 
f — ■ a standard SLE(re) trace, and the result follows from [12]. If re = 0, then /3q is a half line from to 

oo, which is a trivial case. If re = 4, then it follows from the convergence of the discrete Gaussian 
free field contour line ([7]); and it is also a special case of Theorem 5.5 in [T5J. The motivation of 
the current paper is to prove the above conjecture. We will only prove part of it, that is, the case 
when p + or p_ equals to 0. If, for example, p_ = 0, then (3q reduces to a chordal SLE(re; p + ) trace 
started from (0; + ). The main theorem of this paper is the following. 



Theorem 1.1 Let re £ (0, 4) and p > (re — 4)/2. Suppose (3o(t), < t < oo, is a chordal SLE(n; p) 
trace started from (0;0 CT ), where a G { + ,—}. Let Wo(z) = 1/z. Then after a time-change, 
Wo(PoO-f't))) < t < oo, has the same distribution as f3o(t), < t < oo. 

We will see that Theorem 11.11 here and Theorem 5.4 in [T5] imply Dubedat's conjecture. Besides 
the special cases that p = 0, k = or 4, the above theorem is also known to be true in the case 
that re = 8/3. This follows from [5] because the image of /3o satisfies the left-sided or right-sided 
restriction property with exponent depending on p, and the one-sided restriction measure is invariant 
under the map Wq{z) = 1/z. 

The proof of Theorem 11.11 will be completed in the last section. We will use the technique used 
in [T2] and [T5J. The new difficulty here is that when applying the above technique, we need some 
information about the "middle" part of the curve @q. This means that given a stopping time T\ > 
and a "backward" stopping time Ti < oo with T\ < T2, we need to know the conditional distribution 
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of 0o(t), Ti < t < T 2 , given the curves f3o((0;Ti\) and f3 ([T 2 ; oo)) . This is known in some special 
cases. If /?o is a standard chordal SLE(k) trace, which corresponds to the case that p = 0, then 
/3 (t), Ti<t< T 2 , is a time-change of a chordal SLE(k) trace in H\ (/3 ((0; Ti]) U /3 ([T 2 ; oo))) from 
/3 (Ti) to /3 (T 2 ). If k = 4, from the proof of Theorem 5.5 in 13j, we see that f3 Q {t), T x < t < T 2 , 
is a time-change of a generic SLE(k; p) trace in H \ (/3o((0; Ti]) U /3 ([T 2 ; oo))). In the general case, 
as we will see, the conditional distribution of flo{t), T\ < t < T 2 , is complicated. To describe this 
middle part of /3o, we will use hypergeometric functions to define a new kind of SLE-type processes, 
which are called intermediate SLE(k;p) processes. These new SLE-type processes will also be used 
to describe the reversal of an SLE(k; p) trace whose force point is not degenerate. This is Theorem 
11.21 below, whose proof will also be completed in the last section. 

Theorem 1.2 Suppose f3o(t), < t < oo, is a chordal SLE(k; p) trace started from (0;&o) with 
ha > 0. Let Wo(z) — 1/z. Then after a time-change, Wo(/3o(l/t)), < t < oo, has the same 
distribution as a degenerate intermediate SLE(k; p) trace with force points + and l/&o- 

The current paper will frequently use results from [12] and |13j . The reader is suggested to have 
copies of those two papers by hand for convenience. 

After finishing the first version of this paper, the author noticed that Corollary 9 in [3] is equiv- 
alent to Theorem 1 1 . 1 1 here . It seems to the author that some important details are omitted in [3J. 
The proofs in this paper will be completed, and contain all details. And the approach of this paper 
is somewhat different from that in [3J. 

2 Preliminary 

If H is a bounded and relatively closed subset of H = {z £ C : Imz > 0}, and H \ if is simply 
connected, then we call H a hull in H w.r.t. oo. For such H, there is ipn that maps M\H conformally 
onto H, and satisfies <£h{z) = z + - + 0{\) as z —> oo, where c = hcap(iJ) > is called the half- 
plane capacity of H . A hull H with hcap(H) = c has diameter at least y/c. If Hi C H 2 are hulls in H 
w.r.t. oo, then H 2 /Hi := ipH 1 {H 2 \Hi) is also a hull in EI w.r.t. oo, and we have ipn 2 = ( PH 2 /H 2 ° i PH 1 - 
For a real interval I, we use C(I) to denote the space of real continuous functions on I. For 
T > and £ e C([0, T)), the chordal Loewner equation driven by £ is 

For < t < T, let K (t) be the set of z £ H such that the solution ip(s, z) blows up before or at time 
t. Then each K(t) is a hull in H w.r.t. oo, hcap(i^(t)) = 2t, and <p(t, •) = (px(t)- We call K{t) and 
^(t, ■), < t < T, the chordal Loewner hulls and maps, respectively, driven by £. 

Let B(t), < t < oo, be a (standard) Brownian motion. Let n > 0. Then K(t) and ip(t,-), 
< t < oo, driven by £(t) = s/kB^), < t < oo, are called the standard chordal SLE(k) hulls and 
maps, respectively. It is known (|10j[5]) that almost surely for any t £ [0, oo), 

/?(*):= lim Mt,-)-\z) (2.2) 

exists, and (3(t), < t < oo, is a continuous curve in H. Moreover, if k G (0,4] then j3 is a simple 
curve, which intersects R only at the initial point, and for any t > 0, K(t) = /3((0, t}); if k > 4 then 
[3 is not simple, and intersects R at infinitely many points; and in general, M\K(t) is the unbounded 
component of H \ /3((0, t}) for any t > 0. Such /3 is called a standard chordal SLE(k) trace. 

If (£(£)) is a semi-martingale with <i(^)t = K<ii for some k > 0, then from the Girsanov's theorem 
([9]) and the existence of standard chordal SLE(k) trace, we see that almost surely for any t £ [0, T), 
/3(t) defined by (|2.2p exists, and has the same property as a standard chordal SLE(re) trace (depending 
on the value of k) as described in the last paragraph. 



Let k > 0, N E N, p = ( Pl ,...,p N ) e R N , x Q e R, andp* = ( Pl ,...,p N ) € (E \ {x Q }) N , where 
R = K.U {00} is a circle. Let B(t) be a Brownian motion, which generates a filtration (Tt). Let £(£) 
and p m (t), 1 < to < TV, < £ < T, be the maximal solutions to the SDE: 






(2.3) 



with initial values 



f (0) = z , p m (0) = p m , l<m<N. 

The meaning of the maximal solutions is that [0, T) is the maximal interval of the solution. Here 
if some p m = 00 then p m (t) — 00 and cia 1 ^, / t \ — for all t > 0, so p m has no effect on the 
equation. Let K(i), < t < T, be the chordal Loewner hulls driven by £. Then we call K(t), 
< £ < T, a chordal SLE(k; pi, . . . , pjy) or SLE(k; p) process started from (xq',Pi, ■ ■ ■ ,Pn) or (xo;p). 
It is known that (£(£)) is an (^ r t )-semi- martingale with d(£)t = Kdt. So the chordal Loewner trace 
P(t), < i < T, driven by £ exists, and is called a chordal SLE(k; p) trace started from (xo',p*)- 
These p m 's and p m 's are called the force points and forces, respectively. 

The chordal SLE(k; p) processes defined above are of generic cases. We now introduce degenerate 
SLE(k;p) processes, where one of the force points takes value Xq or Xq , or two of the force points 
take values Xq and Xq , respectively. The force point Xq or Xq is called a degenerate force point. 
The definitions are as follows. Suppose p\ = x^ is the only degenerate force point. Let £(£) and 
Pm(t), l<k<N,Q<t<T,be the maximal solution to (|2.3|) with initial values 

£(0)=Pi(0)=so, Pfc(0)=p fc! 2<fc<iV. 

Moreover, we require that 

Pi (*)>£(*)> 0<t<T. (2.4) 

It is known that the solution exists, and (£(£)) is also an (.F t )-semi- martingale with d(£)t — ndt. 
The chordal Loewner trace driven by £(£), < t < T, is called a chordal SLE(k;/?i, . . . , pjv) trace 
started from (xo ; £(j~ , P2 , ■ ■ ■ ,Pn)- If the ">' in (|2.4[) is replaced by "<", then we get a chordal 
SLE(k;pi, . . . ,pn) trace started from (xo',Xq ,p2, ■ ■ ■ ,Pn)- If the only degenerate force points are 
P\ = x^ and P2 = Iq' ^ £(*) anc ^ Pfc(*)i 1 < fc < ^V, < £ < T, be the maximal solution to (|2.3|) 
with initial values 

f(0)=pi(0)=pa(0) = a:o, Pfc(0)=p fe , 3 < k < N 
such that 

Pi(t) > £(t) > nit), 0<t<T. 

The chordal Loewner trace driven by £(£), < t < T, is called a chordal SLE(«;;pi, . . . , pn) trace 
started from (xq;Xq ,x$ ,p%, . . . ,pn)- 

For 1 < to < N, the function p m (£), < t < T, is called the force point function started from 
p m . Each force point function is determined by its initial point p m and the driving function £(£) as 
follows. Let (pit, ■), < t < T, be the chordal Loewner maps driven by £. If p m is not degenerate, 
then from (|2.ip . we have p m (£) = f(t,p m ), < t < T. If p m = Xq, a e { + , — }, is degenerate, then 
it is not difficult to see that p m (t) = lim^-,^ <p(£, a;). 

The following lemma is a special case of Lemma 2.1 in |13) . 

Lemma 2.1 Suppose k € (0, 4] and p = (pi, . . . , p^) with J2 m =i Pm = k — 6. For j — 1, 2, let 
Kj{t), <t <Tj, be a generic or degenerate chordal SLE(n]p) process started from (xj;pj), where 
Pj = (pj,i, • . • ,Pj,n)> j — 1) 2. Suppose W is a conformal or conjugate conformal map from H onto 
H such that W(xi) = x 2 and W{pi, m ) = p 2 , m; 1 < m < N. Then (W(Ki(t)), < t < Ti) /ias the 
same law as [K<i(f),Q <t< T2) up to a time-change. A similar result holds for the traces. 



The following lemma is a special case of Theorem 3.2 in |13j . 

Lemma 2.2 Suppose n G (0,4], p > (k — 4)/2, and /3(£), < £ < oo, is a chordal SLE(n; p) trace 
started from (0;0 CT ), where a G {+, — }. TTien a.s. lim^oo /3(t) = oo. 

From Lemma 12.11 and Lemma 12.21 we obtain the following lemma. 

Lemma 2.3 Let K G (0,4], p > (k — 4)/2, anrf *i 7^ x 2 G R. Suppose 0(t), < t <T, is a chordal 
SLE(k: p, k — 6 — p) trace started from (xi\x1 , X2), where a G {+,—}. Then a.s. lim t ^ T - (3(t) = xi. 



Proof. Let Po(t), < i < 00, be a chordal SLE(k;p) trace started from (0;0 + ). From Lemma[2T2j 
a.s. limt—,00 /3o (t) = 00. We may find W that maps EI conformally or conjugate conformally onto 
H such that W(Q) = Xi, W(oo) = X2, and VF(0 + ) = x\. From Lemma [2.1[ after a time-change, 
W((3o(t)), < t < 00, has the same distribution as /?(£), < t < T. Thus, a.s. lim t _>r- (3(t) = 
VF(oo) = x 2 . □ 

3 Intermediate SLE(k; p) Process 

Lemma 3.1 For k G (0,4) and p > (k - 4)/2, let a = ^, 6 = 1 - | < 0, and c = ^±^ > 1. For 
aj G (— 1) 1), ?ei t/o(x) = 2 Fi(a, 6; c; x), where 2-F1 is tte hypergeometric function JSjj. Then there are 
C* 2 > Ci > suc/i tfiarf C*i < C/ (x) < C* 2 on [0,1). Let / (x) = ^ijr} on [0,1). T/ien / is a/so 
bounded on [0, 1), /o(x) > yz— /or < x < 1, and lim^^!- fo(x) = — #. 

Proof. It is known 8] that [/o is analytic and satisfies the Gaussian hypergeometric equation: 

x(x - l)Uo(x) + [{a + b + l)x - c]Uq(x) + abU Q {x) = 0. (3.1) 

Moreover, we have C/ o (0) = 1 > and /£(0) = E^(0) = ^. Let z = sup{x G (0, 1) : U (x) ^ 0}. 
Then z Q G (0,1] and f is analytic on [0,Z ). Let /i (z) = /o(#) - jr^ = jj^) - jz^ on [0, «o)- 
Then n (0) = ^ - = 2^ > 0. From (J^TJ) and that 6 + c - a = 1, wc find that for x G [0, z ), 
ho(x) satisfies 

bQ- - b) 

{l-xf 

Assume that there is X\ G [0, 20) such that ho(xi) < 0. Since ho(0) > 0, so x\ > and there 
is x G (0, z ) such that h-o(xo) = and h (x) > for x G [0, x ). Then we have h' (xo) < 0. 
However, since 6 < 0, from (|3.2p we have /Iq(#o) > 0, which is a contradiction. Thus h (x) > for 
all x G [0,z n ). So we have /o(x) > j^— for < x < z . Assume that z < 1. Then z is a zero 
of [/o, so zo is a simple pole of /o, and the residue is positive. Thus, lim - /o(x) = —00, which 

contradicts that fo(x) > 737 for < x < z . Thus, z = 1. So Uq{x) 7^ and /o(x) > j^j for 
< x < 1. Since E/ o (0) = 1 > 0, so U (x) > on [0, 1). 

Now Uq and /o are continuous on [0, 1), and Uq(x) > on [0, 1). To complete the proof, we suffice 
to show that lim x _>i- Uq(x) and lim^^i- fo(x) both exist and are finite, and liirL,.^- Uq(x) > 0. 
One may check that c, c — a, c — b and c — a — b are all positive. So from [8], 

lim U Q (x) = r(c)r(c- a -&) G ( ^ (3 3) 

k— >i- 1 (c — a)l (c — 0) 

We have l^(x) = ^ 2 Fi(a+l,6+l;c+l;x). One may check that c+1 and (c+1) — (o + l)- (& + 1) 
are both positive. So from [8] again, 

1. rrt/ a ao r(c + i)r(c — o — 6 — 1) /0 ., 

hm 175 x = i. 3.4 

s-tl- c l(c — a)l(c — 0) 



xh' (x) + xh (x) 2 + ch (x) + 77 — — ( = 0. (3.2) 



From (pHj) and (pH]) , we have lim^i- f (x) = ^^Vi = ~§ ' wnicn is nnitc - D 

From now on, fix k G (0, 4) and p > (n — 4)/2. Let f be given by Lemma IBTTl Let 

g Q (x) := p + Kxf (x). (3.5) 

From Lemma \'S. 11 g$ is bounded on [0, 1), lim^^x- go(x) = 0, and for < x < 1, 

5o (x)>p+( K -4)-^. (3.6) 

1 — x 

For < pi < P2 , let 

J( Pl ,p 2 ):=-(I-I) ff0 (£l). (3.7) 

From (|3.6|) and that p > /c/2 — 2, we have 

it \<r P P ,^-n 2-K/2 2-K/2 

J{Pi,P2) < 1 < 1 • (3.8) 

Pi P\ P2 P\ P2 

Let < p\ < p2- Let B(t) be a Brownian motion. Let </(•, •) be defined by (13. 7|l . Let £(£), pi(i) 
and P2(t), < £ < T, be the maximal solution to 

d£(t) = ^rfB(t) + J(pi(t) - e(*).Pa(*) - £(*))#, 

(3.9) 

with initial values 

£(0) = 0, ft(0)= ft , i = l,2. 

We call the chordal Loewner trace f3(t), < t < T, driven by £, a (generic) intermediate SLE(k; p) 
trace with force points p\ and p 2 - Note that £(£) < pi(t) < Pi{t) for < t < T. If T < oo, we must 
have lim t ^r- Pi{t) ~ £(£) = 0. Thus, if limsup 4 ^ T - pi(t) — £(£) > 0, then T = oo. 

Theorem 3.1 Let /?(£), < t < T, be an intermediate SLE(n; p) trace. Then a.s. T = oo, which 
means that oo is a subsequential limit of f3{t) as t — > T~ . 

Proof. Let £(£), < £ < T, be the driving function for (3. Then there are pi(t), P2(t) and some 
Brownian motion B(t) such that (|3.0|) holds, and [0, T) is the maximal interval of the solution. Let 
Xj(t) = Pj(t) - £(£), j = 1, 2. Then < X x (t) < X 2 (t), < t < T; and for j = 1, 2, X,- satisfies the 
SDE 

«Uf,(t) = -V^dB(t) + (j^- - J(X 1 (t),X 2 (t))) alt. 
From Ito's formula ([9]), for j = 1,2, we have 

rfln( ^ (t)) = -xfij dB{t) + Vx~W x~{t) ) dt (3 ' 10) 



Thus, we have 



4(MWVX im - G$5 - ^|) «W - (^ - *-£$) * 



j^j-J5w)-' LV "" Vj ""'" 



Since l/X^t) > 1/X 2 (t) and 2 - «/2 > 0, so from (O, the drift term for \n(X 2 (t)/X 1 (t)) is not 
positive. Note that ln(X 2 (t)/Xi(t)) is always positive. So (ln(X 2 (i)/Xi(t))) is a supermartingale. 
Thus, a.s. lim t _> T - \n(X 2 (t)/Xi(t)) exists and is finite. So a.s. 



L T (x%-x§)Y dt =^^ x */ x ^< 



(3.11) 



Let E\ denote the event that lim t _T- ^(X 2 (t)/Xi(t)) > 0. Assume that £\ occurs. From (|3.1ip . 



we have a.s. J Q Xi(t) 2 dt < oo. From (|3.7|) and (|3.10p , we have 



dln(Xi(i)) 



Xx{t) 



dB(t) 



x t (ty 



K 

2 



Xi{t) \ / Xift) 
X 2 (t)) 9o \X 2 (t) 



dt. 



(3.12) 



Since a.s. L X\(t) 2 dt < oo, and 50 is bounded on [0, 1), so a.s. 



x 1 (ty 



K 

2 



1 



X M\„ (Ml 

X 2 (t)J 90 \X 2 (t) 



dt < 00. 



From (|3.12[) we have a.s. lim t ^*r- \n(Xi(t)) exists and is finite. Thus, on £\ a.s. Xvca t ->T- X%(t) exists 
and is positive, which implies that T = 00. 

Let £ 2 denote the event that lim t ^y- h\(X 2 (t) / X\(t)) — 0. Assume that £\ occurs. Then 
lim t _ T - X 1 (t)/X 2 (t) = 1, so lim 4 ^ T - g (Xi(t)/X 2 (t)) = lim^i- g (x) = 0. Since 2 - k/2 > 0, so 
the drift term in (|3.12p is positive when t is close to T. From (|3.12p , a.s. limsup t ^ T - ln(Ai(i)) > 
— 00, which implies that limsup t ^ T - X\{t) > 0. So we have a.s. T — 00 on the event £ 2 . 

Since £ 1 U £ 2 is a.s. the whole probability space, so a.s. T — 00. Suppose T — 00. Since for any 
< t < 00, the half-plane capacity of /3((0, £]) is 2£, so the diameter of /3((0, t]) is at least \/2i. Thus, 
the diameter of /3((0, 00)) is infinite, so 00 is a subsequential limit of (3(t) as t — > T~. D 

The above theorem still holds if the force points p\ and p 2 are random points, and the joint 
distribution of p\ and p 2 is independent of the Brownian motion B(t). The argument in the above 
proof still works. 

We may let the force point p\ be + , and define the degenerate intermediate SLE(k;p) trace. 
The definition is as follows. Fix p 2 > 0. Let £(£), pi(t) and p 2 (t) solve ([3~9]) for < t < T, with 
initial values 

£(0)=pi(0)=0, p 2 (0)=p 2 . (3.13) 



Moreover, we require that 



£(*)<Pi(t), 



< t < T. 



(3.14) 



The chordal Loewner trace f3(t), < t < T, driven by £, is called a degenerate intermediate SLE(k; p) 
trace with force points + and p 2 . 

We claim that the solution to (|3.9[) together with (|3. 13[) and (|3.14[) a.s. exists. For the proof, we 
suffice to prove that the solution exists on (0, T ) for some stopping time T > because after T we 
are dealing with some generic case with random force points. Let B(t) be a Brownian motion under 
some probability measure P . Let £(£), Pi{t) and p 2 (t), < t < T±, be the maximal solution to 



$;(*) = y/EdB(t) + 

d P] {t) = ^7rm, j = 1,2, 



ew-pi(t) 



such that (|3.13|) and (|3. 14[) hold. The solution a.s. exists because £ is the driving function for an 
SLFj(k; p) process started from (0, + ). 



From d3U) and <|3"77|) . it is clear that lim pi ^ + (j(pi,p 2 ) + £■) = £ - £ /o(0). Define Z(t), 
< t < T u such that for t > 0, Z(t) - J( Pl {t) - f(t),pa(t) - £(*)) - g( t )- Pl ( t ) . and 2(0) = 

■£ — /o(0). Then Z(i) is continuous on [0, Ti). From the Girsanov's Theorem, there is a stopping 

time To G (0,Ti) such that under some other probability measure Q , B(t) := B(t) \= J Q Z(s)ds, 

< t < To, is a partial Brownian motion, which means that B(t) could be extended to a full 
Brownian motion. Then we have 

df(t) = y/KdB(t) + J{pi(t) - Z(t), P2 (t) - £(t))dt, < t < T . 

Thus, the solution to (|3-9[) with (|3. 13|) and (]3.14[) a.s. exists on (0, To). Then the solution can be 
extended to the maximal interval, say (0, T), and so we have the existence of the maximal solution. 
From Theorem 13. 1[ we get the following corollary. 



Corollary 3.1 Let /3(t), < t < T, be a degenerate intermediate SLE(n; p) trace. Then a.s. T = oo, 
which means that oo is a subsequential limit of {3(t) as t — > T - . 

4 Martingales 

Fix k G (0,4) and p > n/2 — 2. Let x\ < x 2 G M, <J\ = + and a 2 = — . Throughout this section, 
the subscripts j and fc will be any of the two numbers: 1 or 2, such that j and k are different. Let 
£j(t), < t < Tj, be the driving function for a chordal SLE(k; p, k — 6 — p) trace Pj(t), < t < Tj, 
started from (xj; x j , £&). From Lemma l2.31 we have a.s. lira. T - /3j(i) = ccfc. Let tpj(t, ■) and Kj(t), 

< t < Tj, be the chordal Loewner maps and hulls driven by £j. Let Pj(t) and qj(t) be the force 
point functions started from x J and Xk, respectively. So we have Pj(t) = lim _^ ^ cpj(t,x) and 

<?j(t) = (fjfaxk)- For < i < T, let 

B j( f ) = —j= (&(*) - x j : - / m TT ds + / TT~\ 7~\ ds 

V^ v j Ci(*)-Pi(s) Jo & 00 -<&(«) 

Then Bj(t), < i < T, is a partial Brownian motions. Let (J 7 /) be the filtration generated by Bj(t). 
Then (£j(t)), Pj(t), and (qj(t)) are all (^Ft)-adapted. And (£j(£)) is an (.Ft )-semi- martingale with 
d(£,)t — ndt. Moreover, £j(t), Pj(t) and qj(t), < t < Tj, are the maximal solution to the following 
equations 

d£j(t) = y/ZdBj (t) + P tft + * 7 6 ~ f dt, (4.1) 

dPj(t) = -TlT^TTrt*' (42) 

Pj(t)-£j(t) 

€j(0)=p i (0)=x i , <&(0)=a*; (4.4) 



with initial values 



and they satisfy the inequalities 

ei(*)<J>i(*)<«i(«), 0<t<Ti; 6(t)>p 2 (t)>9 2 (i), 0<t<T 2 . (4.5) 

Now suppose that (£i(t)) and (£ 2 (t)) are independent. Then (i?i(i)) and (B 2 (t)) are also inde- 
pendent. So for any fixed (.T^) -stopping time tk with < tk < Tfe, Bj(t), < t < Tj, is & partial 
(.Ff x ^ ) t >o-Brownian motion. 



Differentiating (|2.f[) w.r.t. d z and plugging £ = £.,- and z — Xk, we find that for < i < Tj, 

dd z ipj(t,Xk) —2dt 

d z ipj(t, x k ) {qj{tj) - Ofe)) 2 ' 

From P~Tj) - (TQ)) we have that, for < t < Tj, 

d&(t)- Pj (t)) _ d^(t) 2dt 



(4.6) 

(4.7) 
(4.8) 
(4.9) 



&(*)-Pi(*) Sj(t)-p,(t) (Sj(t)-Pj(t)) 2, 

<*&(*) -gj(*)) = dZjjt) 2dt 

&(*) - <&(*) (j(jt) - qj (t) + &(t) - q 3 (t)Y ' 

d(qj(t)-pj(t)) _ -2dt 

<u(t)- P] (t) ~ &■(*)-#(*))(£,■(*)-?,■(*))■ 

In the above equations, (TO)) and (|43|) are ODEs, l|477|) and (OJ) are (J^)-adapted SDEs. 
Forte (0,Tj), define 

^•(*) = l^(*) - ^(t)r- i^-(t) - g J (*)j-'^ =£ ki(t) -^(^l-^^^^^^Ct, ^ fc ) ^ +2K 4 r 6 - rt . ( 4.io) 



rfi. (4.11) 



From (|4~ll . (jOjI - ljOj) and Ito's formula, we have that, for £ > 0, 

drj(t) _ p dB 3 -(t) K-6-p dB,(£) p(n - 4 - p) / (2k) 

^M ~ "&(*)- ?,-(*) ' 7^ ~ &(*)-<&(*) ' 7^ + (&(*)-p*(*)) 2 

Let Z> = {(ti,t 2 ) e [0,Ti) x [0,T 2 ) : /3i([0,ti]) n A([0,t 2 ]) = 0}- Then for any (i 1; i 2 ) G Z>, 
K x (ti) U if 2 (*2) is a hull in H w.r.t. oo. For (h,t 2 ) G £>, let 

tf*,ti(**) : = (*ifo) U **(**))/#,•&) = <PjfaKk(tk))> ( 4 -!2) 

and <pk,u(tki') '■— fKkt{tk)- Then Kk,u(tk) is the image of a curve in H started from tpj(tj,Xk) = 
qj(tj). And for any z G H \ (^i(ti) U i^fo)), 

¥'iC I (t I )uif 2 (t 2 )(«) = ^(ti.^fe^)) = ¥>2,t 1 (*2,<Pi(*i,«))- (4.13) 

Define A/,/ l; ft- G Z>o, on I? such that Aj i h(ti,t2) = d z ipk,t(tk,£,j(tj))- Note that the definition 
of A ,• /j here agrees with the definition of Ajh in Section 4.2 of [13] ■ From now on, we fix tf. to be 
some (jF t fc )-stopping time that lies on [0, Tfc), and consider the filtration (T\. X JF t fc fc ) tj >o. Since 23j(t) 

and Bk(t) are independent Brownian motions, so Bj(tj) is an (J^. x .F t fc ) t >o-Brownian motion. We 
use 9j to denote the partial derivative w.r.t. tj. The following equations are (4.10) and (4.12) in 
[T3] . where P~T4l) is an (^|. x ^) ti > -adapted SDE. 

djA jfi = Aj^d^ti) + (J - 3)A J)2 c% (4.14) 



2^ 2 ,i ^A fc ,! _ -2^ 

^M - Aj, ' Ajfe.i (A fc ,o - Aj.o) 2 ' 



d 3 A kfi = -\ , ^^ = 7, *^. (4.15) 



We now use <9i and d z to denote the partial derivatives of fj,t {'> ') w.r.t. the first (real) and second 
(complex) variables, respectively, inside the bracket; and use do to denote the partial derivative of 
(Pjt {-,-) w.r.t. the subscript to- Let (£1,^2) G I?. The following equations are (3.9) and (3.15) in 

m 

2A 2 
d m , th (tj,z) = Y , zel\%(( 3 ); (4.16) 



2^4 2 : i 2d z ip k ,tj(tk,z ) 

Pk,u (tk,z) - 4/,o ^ - £7 (<j) 



flb^ti (**.*) = — t: J ; , , ;: - , ^i\^fe)- (4.17) 



Since Kj tk (tj) n R = {q k {tk)} an d Kk,u{tk) H R = {^(ij)}, so after continuation, (|4.16[) also holds 
for any z G R \ {qk(tk)}, and (|¥7T7|) also holds for any z G R \ {^(t,), t&fe)}- Differentiating (|4"T7|l 
w.r.t. 3 2 , we find that for (ti,t 2 ) G 2?, and z G R\ {£?(£;), Qj(tj)}, 

a a u ■. 2Al 1 d z (p k j J (tk,z) 2d 2 z y kt (t k ,z) 2d z ip kt (t k ,z) 

Define Bj j0 on V such that Bj t0 (ti,t 2 ) — <Pk,tj{tk,Pj(tj))- Since £i(0) = Pi(0) and £i(£) < Pi(t) 
for t > 0, so ^1,0(0,^2) = -81,0(0,^2) and ^1,0(^1^2) < Bi,o(tiit 2 ) if £1 > 0. Similarly, we have 
^2,o(*i>0) = -B 2> o(^i,0) and A 2fi (*i,t 2 ) > B 2fi (t 1 ,t 2 ) if i 2 > 0. Choose any ^ < y 2 G (xx,^). Then 
Pi(*i) < Vi(*i,J/i) < ^2 (£1,3/2) for any £1 e [0, Ti). From (|4.13[) we have 

Bl,o(*l,<2) < ^K 1 (t 1 )UK 2 (t 2 )(yi) < ( PKi(t 1 )UK 2 (t 2 ){V2)- 

for any (ti,t 2 ) G 2?. Similarly, B 2fi {ti,t 2 ) > (pK 1 (t 1 )uK 2 (t 2 )(y2) > ^K l (t l )\jK 2 (t 2 ){yi) for any (*i,i 2 ) G 
2?. Thus, -B^o < B 2 $ on P. So in general, A\fi < -Bi.o < -82,0 < ^2,0, where A^o = -Bi,o iff £1 = 0, 
and B 2 ,Q = A 2fi iff t 2 = 0. 

Let (t\,t 2 ) G 2?. Since p k (t k ) 7^ q k (t k ), so we may apply (|4. 16|) with z = p k (t k ), and obtain 

24 2 
djB k , = 2i— . (4.19) 

Now suppose ij > 0. Then Pj(tj) G R\ {^(£j), <Zj(tj)}- So we may apply Q4.17J1 with z = Pj(tj), and 

use (|4.2j) and chain rule to obtain 

2A 2 
djB j>0 = ^-. (4.20) 

Note that (|4.19[) and (|4.20p have the same forms as the formula for djB m} o in (4.13) in [13]. But 
here we require that tj > in (|4.20|) . 

Let Ej : o = Aj : o — A k fi = —Ek,o ^ 0, Ej >m — A,,o — B m $, m — 1,2, and Cj >k = Bj :0 — B ki0 = 
—Ck,j ^ 0. From (|4. 14j) - (|4. 15|) and (|4. 19j) - (|4.20[) . we obtain the following formulas, which have the 
same forms as (4.14) and (4.15) in [T5] . 

j; m j; m h m j m 



djEk, m _ 2A,-^ 



E k ,m EjfiE 



dtj, m = l,2; (4.22) 



2 



®jCj,k _ "2^j,i 



Cj,fc Ej,iEj :2 



dtj. (4.23) 



Here we require that t,- > in the SDEs for djEjj, djE k .j, and djCj, k , because (J4.20I) does not hold 



for tj = 0. 



Define Bji on T> such that Bj^(ti,t 2 ) — d z tp k ,t-(t k ,Pj(tj)). Differentiating (|4.16|) w.r.t. d z and 
plugging z=pk(tk), we get 

djBk,i _ - 2 4i 



-g— --=j— ^ (4.24) 

Applying (|4.18|) with z = Pj(tj), and using (|4.2|) and chain rule, we find that, for tj > 0, 



Let D = Bl ^ 2 - 1 = Bl £? 2>1 ■ From B^5D - g^5l) . we find that, for ^ > 0, 



D 



= -2 



A M A 



1,1 



£ 



3,3 



E.;h 



j,k 



dtj+ (P^)-^)) 2dtj - 



(4.26) 



Let V = {(h,t 2 ) £V :t 1 *t 2 ¥=0}. Define R on X> such that i? = f 1 ' 1 ^ 2 ' 2 = ®™ E J< h . From 
-4.1,0 < -Bi,o < B 2 ,q < A 2 .q we have \E jtj \ < \E j>k \ and E 2 ,jjE %k > 0, so i? e [0, 1). Since A,-, 7^ B jt0 
when ^ > 0, so £1,1* £2,2 ^ on V. Thus, i? G (0, 1) on V. Since £7., 



so we have 



JR + 1 



2/Ejfi 



l/Ejj + l/Ej,^ 

R-l l/Ejj - 1/Ej ik l/Ejj - 1/E j>k 

From (|4~2TT) and P~2"2")) . we have that, for tj > 0, 



-^i m — -Ejo for 771 = 1, 2, 



(4.27) 



9i? = Rl^l^^l 
1 ' ^ 



£" 



j .j 



«6(W + *[(3-3)(^ 



,4 



3 -2 



-E-i.i- 



j,* 



K /j4 3j 1 A 



•J',1 



2 VK- 



E 



j,k 






.;■,/ 



^■,fe 



M 



E 3,oEjj 



Ej, E j: k 



dt 3 . 



(4.28) 



Let £/()(#) an< i /o(a?) be given by Lemma |3~T1 Let g be defined by (|3.5p . For x e (0, f), let 
Vq{x) := a;«!7o(x). From (13. 1|) and (13. 5|) . we find that Vq(x) satisfies 



y o '(x) _go(x) 
Vq(x) k 



« Vq"(s) 
2 V (a:) 



,t 2 = 



K\ X + I 



2/jc-l 



.90 (g) p(k - 4 - g) 
k 2k 



(4.29) 
(4.30) 



Since R G (0, 1) on £>', so Vft(-R) is well defined on V . From P~27|) - (|O0"|l . we have that 



V (R) 






E; 



K V 



g4i 

E 3,oEj,j 



Ej : k 

EjfiEj^ 
A1.1A 



A 



3,2 



A 



3 -2 



£,- 



£" 



3',* 



9*i- 



p(k-4-/j) / Aj-,1 A,, 1 \ 2 



2 k 



.£ 



£; 



*2 r* 



<%, 



(4.31) 



Define AT and FonP such that N = r^z^p and F{t ll t 2 ) = exp( f Q 2 fj 1 2JV(si, s 2 )dsids 2 ). 
3k)(6 " b) . The following equations are (4.13) in 12j and (4.25) in [13]. 



Let a = %?-£■ and A 

2k 



2 k 



djN a 



= -A 



( 



1 A 2 , 1 Ai 



6 Ai 



0»f; 



1 4 2 



1 A 



F- A "V4 A\ x 6 Aj,! 

Let r = (p+2)( "- 6 - p) and <J = - p(k T 4 " p) . Define M on D' such that 
M = |jbi - x 2 rr 1 (t 1 )r 2 (i 2 )^V (i?)^ tt F- A . 
From gT]), (|4~TT|) . (|4~26]) and (|43Tl) - (|05|l . we get 

2Aj,i\ , m /4j, 1 Aj-,1 



(4.32) 
(4.33) 

(4.34) 



djM 

M 



( 3 -f)(fr 



E 



.7-0 



,9() 



(i?)( 



E; 



E 



j,k 



10 



p K — 6 — p 

& (tj ) - Pj fe ) 6 fe ) - Qj (tj ) 



dBjfo) 



(4.35) 



Define rj on [0, Tj) such that 



r^tj) = &&) - *fe)r i= ^k J -fe) - Pi(* J -)|- £j5iS=el fl*^(ti, a*-*) (P+2, t- 6 - p) . (4.36) 

Define M on T> such that 

M = \x x - x 2 \ T r 1 (h)r 2 (t 2 )D s \E h2 E 2tl \-^U {R)N a F-\ (4.37) 

Then M is continuous on P. Define Lj on I? such that if tj = then Lj = d z <fk(tk, x j)] if tj > 
then 

r u t \ l%jC!liMJ fk.tjitk^jjtj)) - ipk^jt^pjjtj)) 

L {ti,t 2 ) — — — - — — — . (4.38 

l£?(*j)-m*j)l 6te)-%fe) 

Here the second "=" holds because Ujj has the same sign as £j(tj) — Pj(tj). Since lim tfc ^ + £fc(t&) = 
lim tfc ^ + p k (tk) = a;*; and Iim tj _ >0 + (p k , tj (t k ,-) = tpk,o(tk,-) = <Pk(tk,'), so Lj is continuous on P. 

From (JUTDJl, (|Q3|1 . (jlUSjl - ljIUgj) . and that F (a;) = x%U (x), we find that M = Ml\l^ on £>'. 
Thus M has continuous extension to T>. Now we check the value of M when tj = 0. 

We have £j(0) = Pj(0) = Xj, q 3 (0) = x k , and Kj(0) = 0. So i^(0) U K k (t k ) = #*,(**,). From 
(|4.12p we have K kfi (t k ) = if fc (i fc ) and ifj, tfc (0) = 0, which implies that tp k0 (t k ,-) = ip k {t k ,-) and 
^jMaX '') = id - Tmis > ^ *j = °i then ri(*j) = l x i - ^fcT^ and Aj fi = <Pk{tk,Xj) = q k (t k ) = Bj-,0, 
Aj,i = d z (p k (tk,Xj) = Bj t i, A j:2 = d 2 z y k (t k ,Xj), A k ,o = £ k (t k ), B kfl = p k (t k ), and A k ,i = 1 = B k ,i, 
which imply that Ejj = 0, E jik = q k (t k ) - p k (t k ), E kfl = E k j = £k(tk) - <?fe(*fc) = --Ej',0, Ek,k = 

&(t fc )-p fc (**), ic^l = b*(*fc)-»(**)K d = (p^ff^ , « - o, 170(10 = i, n = ^fifor , 

and F = 1. From (|4.36[) . (|4.37|) and the above argument, we find that M = d z tp k (t k ,Xj)~~ when 
tj = 0. From the definition, Lj = d z ip k (t k ,Xj) when tj = 0. Since <fj,t k (0, •) = id, so Lt = 1 when 
tj = 0. Thus, after continuous extension, M = 1 when ti or t2 equals 0. 
Let Qj be the formula inside the square bracket in (|4.35|) . that is, 



n =(->. 1\(^M H,i\,wpAi *i±\ P 1 - 6 - P (A n^ 

^ \ 6 2/U,u Ei.J +90[n, \E^ Ei.k) tdU)-vdU) ZAU)-a,,(UY [ ^ 6J) 



Then Qj is defined on V. Using the observation in the previous paragraph and the fact that 
<?o(0) = p and go is differentiable at 0, we may check that Qj has continuous extension to T>. Thus, 
after continuous extensions, the formula -j^- = Qj — 4=22 holds in V. For each t k S [0,T k ), let 
Tj(t k ) be the maximal number such that Kj(t) n K k {t k ) — for < t < Tj(t k ). From (|4.35j) we 
conclude that for any fixed stopping time t k € [0,T k ), M is a continuous local martingale in tj, 
where tj ranges in [0, Tj). 

Let HP denote the set of (Hi, H2) such that for j = 1, 2, Hj is a hull in H w.r.t. 00 that contains 
some neighborhood of x-j in H, and HiC^H 2 = $. For (Hi,H 2 ) e HP, let Tj(Hj) be the first t such 
that f3j(tj) € H\iTj. Then Tj(Fj) is an (J^')- s topping time. 

Theorem 4.1 For any {H\,H 2 ) S HP, t/iere are C2 > Ci > depending on H\ and H 2 such that 
Ci < M{hM) < C 2 for (h,t 2 ) e [O.TiCffi)] x [0,T 2 (H 2 )}. 

Proof. Since M = ML^L^ , so we suffice to show that the theorem holds for M and Lj, j = 1, 2. 
To check the boundedness of M, we suffice to show that the theorem holds for every factor on 
the right-hand side of (|4.37J) . From Lemma 13.11 we find that the theorem holds for Uq (R) . The 
boundedness of other factors in (|4.37|) can be proved using the method in Section 5 of [12] . For the 
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boundedness of Lj, we suffice to note that from Lemma 5.2 in [TJ], the value of Lj lies between Aj\ 
and Bji, which are both uniformly bounded from oo and 0. □ 

Fix (H i,H 2 ) £ HP. From the local martingale property of M and the above theorem, we see 
that E[M(T 1 (H 1 ),T 2 {H 2 ))] = 1. Let n denote the joint distribution of (£i(t),0 < t < T x ) and 
(&(*), < * < T 2)- Define 1/ such that aV/a> = M(T 1 (H 1 ) 1 T 2 (H 2 )). Then z/ is also a probability 
measure. Suppose temporarily that the joint distribution of £1 and £2 is v instead of fj,. For 
(ti,t 2 ) £ V, define 

Bi,t,(ti) = Bi(* 1 )-- 7 = [ ' Qi(s,t 2 )ds, B 2l t 1 (t2)=B 2 (t2)--p I' Q 2 {t 1 ,s)ds. (4.40) 

Fix an (J^ ) -stopping time £& with ffe < Tk(Hk). Since .&,■(£) is an (^ x .Ft )t>o-Brownian motion 
under /1, so from (|4.35|l . (|4.39|) and the Girsanov's Theorem, Bjj k (i), < t < Tj(Hj), is a partial 
[Tl x JF^ ) t >o-Brownian motion under v. 

The following theorem is Theorem 6.1 in [121 and Theorem 4.5 in [13J . It can be proved using 
the above theorem and the argument in [12j or |13j . 

Theorem 4.2 For any (iJ{™,iJ™) G HP, 1 < m < n, there is a continuous function M*(t\,t 2 ) 
defined on [0,oo] 2 that satisfies the following properties: (i) M* = M on [0,Ti(iJ{ n )] x [0,T 2 (fl" 2 7i )] 
form=l,...,n; (ii) M*(£,0) = M*(0,t) = 1 for any t > 0; (Hi) M*(ii,i 2 ) G [Ci,C 2 ] /or any 
iiji2 > 0, where C 2 > C\ > are constants depending only on HJ 1 , j = 1,2, 1 < m < n; (w,) /or 
any (Ft) -stopping time t 2 , (M*(£i,£ 2 ),£i > 0) is a bounded continuous (J 7 ^ x JF| ) tl >o-martingale; 
and (v) for any (J 7 ^)- stopping time t\, (-M*(£i,£ 2 ), t 2 > 0) is a bounded continuous (.Fj x Ff )t 2 >o- 
martingale. 

5 Coupling Measures 

Let C := U Te(0 . oo ]C([0,T)). The map T : C -> (0, 00] is such that [0,T(£)) is the definition domain 
of £. For £ £ [0,oo), let F t be the cr-algebra on C generated by {T > s,£(s) £ A}, where s £ [0, t] 
and A is a Borel set on R. Then (F4) is a filtration on C, and T is an (Ft)-stopping time. Let 
•Foe = Vf Tt- 

For £ £ C, let K^(t), < t < T(£), denote the chordal Loewner hulls driven by £. Let iJ be a 
hull in H w.r.t. 00. Let Tff(£) e [0,T(£)] be the maximal number such that K s (t) nl\l = for 
< * < Iff. Then T H is an (Ft)-stopping time. Let C H = {T H > 0}. Then £ £ C H iff H contains 
some neighborhood of £(0) in H. Define Pjj : Ch — > C such that Ph(Q is the restriction of £ to 
[0, Iff (£)). Then Pff (Cff ) = {Iff = T}, and P H oP H = P H . If A is a Borel set on R and s £ [0, 00), 
then 

P H \{t £ C : T(0 > «,£(*) G A}) = {£ G Cff : T ff (0 > «,£(«) e A} £ F T -. 

Thus, Ph is (F T - , J r 00 )-measurable on Ch- On the other hand, the restriction of F T - to Ch is the 
cr-algebra generated by {£ £ Ch ■ ?ff(£) > s,£(s) £ A}, where s £ [0, 00) and A is a Borel set on R. 
Thus, P f ^ 1 (^ r oo) agrees with the restriction of F T - to Ch- 

Let C = C U {00} be the Riemann sphere with spherical metric. Let Tg denote the space of 
nonempty compact subsets of C endowed with Hausdorff metric. Then Tg is a compact metric space. 
Define G : C -> Tg such that G(£) is the spherical closure of {t + i£(t) : < t < T(£)}. Then G 
is a one-to-one map. Let Iq = G(C). Let Tf denote the u-algebra on Iq generated by Hausdorff 
metric. Let 

TZ = {{z £ C : a < Rcz < b, c < Imz < d} : a,b, c, d£ R}. 
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Then Tf agrees with the cr-algebra on Iq generated by {{F G Ig ■ F n R 7^ 0} : R G 72-}. Using 
this result, one may check that G and G _1 (defined on Iq) are both measurable with respect to T^ 

Now we adopt the notation in the previous section. Let fj,j denote the distribution of (£j (t) , < 
£ < Tj), which is a probability measure on C. Let p = p,\ x /i2 be a probability measure on C 2 . Since 
£i and £2 are independent, so p is the joint distribution of £1 and £2- 

Let HP* be the set of (ifi, H2) G HP such that for j = 1, 2, Hj is a polygon whose vertices have 
rational coordinates. Then HP* is countable. Let (if™, if™), m £ N, be an enumeration of HP*. 
For each n G N, let M? (h, t 2 ) be the M»(ti,h) given by Theorem g~2] for (iff 1 , iff'), 1 < m < n, in 
the above enumeration. For each n G N define i/ n = (1/™, j/^) such that dv n jdp = M"(oo, 00). From 
Theorem l4~2l M"(oo,oo) > and /M™(oo, oo)d/i = E M [M?(oo,oo)] = 1, so i/ n is a probability 
measure on C 2 . Since dv^/dpi = E M [Af"(oo, oo)!^ 7 ^] = M"(oo,0) = 1, so i/f = /ii. Similarly, 
v 2 = M2- So each v n is a coupling of p\ and /i2- 

Let v n = (G x G)*(v n ) be a probability measure on rjL Since r~ is compact, so (p n ) has a 
subsequence (v nk ) that converges weakly to some probability measure v = (^1,^2) on Tg x Fg. 
Then for j — 1, 2, P™* — > Pj weakly. For n G N and j = 1,2, since 1/? = pj, so P™ = G*(/ij). Thus 
Pj = G*((ij), j — 1, 2. So P is supported by I G . Let v = (v\, v 2 ) = (G _1 x G _1 )*(i>) be a probability 
measure on C 2 . Here we use the fact that G _1 is (.F^-F^-measurable. For j = 1,2, we have 
ia, = (G _1 )*(Pj) = /ij. So v is also a coupling measure of p\ and /i2- 

The following lemma is Lemma 4.1 in |13j . The proof is similar. 
Lemma 5.1 For any ngN, the restriction of v to T\. n x J-^ n is absolutely continuous w.r.t. p, 

H l H 2 

and the Radon- Nikodym derivative is M(TH n (£,i),Tn n (^2))- 

Now suppose that the joint distribution of £i(t), < t < T\, and &(t), < t < T2, is the v in 
the above lemma instead of p = p\ x p 2 . Since the distribution of £j is z/j = /ij, so /3j(t), < i < Tj, 
is still a chordal SLE(k; p, k — 6 — p) trace started from (xj; x 7 - J , x*,). Thus, a.s. lim t ^ T - j3j(t) = Xfc. 

For (ii,t 2 ) G V, let B jjtk (tj) be defined by (pTIOj) . Fix an (.^-stopping time i k G [0,T fc ). Choose 
any n G N. Let t£ = i k AT k (H%). Then ^ is also an (J^)-stopping time, and satisfies i% < T k (H%). 
From the above lemma and the discussion after Theorem 14. 11 we see that Bjjn(t), < t < Tj(H"), 

is a partial (T\ x J : |; 1 ) t >o-Brownian motion. 

k 

Lemma 5.2 Bjt k (t), < t < Tj(i k ), is a partial (T d t x T^ )t>o~Brownian motion. 

Proof. Write T™ for Tj (if"), j = l,2,n G N. From the above argument, we know that for any n G N, 
B jti n (t A Tj 1 ), < t < 00, is a continuous (^ x ^) f > -martingale. Define S? = Tj 1 on {i fe < T^}, 
and S*™ = on {T fc " < i fc }. Then for any t > 0, {5j l < i} = {T fc n < t k } U {TJ 8 < i} G ^ X J^|. So 
S 1 " is an (^| x T\ )t>o-stopping time. Now we claim that Bjt k (t A S 1 "), < t < 00, is a continuous 
(^| x J* ) t >o-martingale. Fix s 2 > si > and £ G ^ x J 7 ^. Let £1 = £ n {T^ 1 < i fc } and 
£2 =£n{i k < Tg}. Since S*] 1 = on £ x , so B^^ASf) =0 = Bjj^AS?) on£ u which implies 
that 

/ B,- A (s 2 A S?) dv = = / B iA (si A ^ l ) d!/. (5.1) 

ifi ifi 

Since t k = t^ on {i fc < T fc "}, so ^ agrees with A on {f fe < TJ}}. Thus, £ 2 G ^' x T%. Since 
<i. = t^ and S™ = T" on £ 2 , so from the martingale property of Bjjn(t A T"), we have 

B jJk (s 2 A 5p cfi/ = / B iA (si A 5; 1 ) di/. (5.2) 

£2 •/ £2 
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Since £ is the disjoint union of E\ and £ 2 , so from (|5.1j) and (|5.2p , E y [1?^ j fc (s 2 A S™)!-? 7 ^ x J 7 ^ ] = 
Bji k {s\ A S 1 ™). So the claim is justified. 

Since the above claim holds for any n £ N, so Bjj k (t), < t < V£L]5", is a continuous 

(J 7 / x ^) t > docal martingale. We now claim that V r f =1 5™ = T,(i fc ). Fix any n £ N. If T™ < t k 
then 5™ = < T^tfe). If i k < T™ then 5™ = T™. From t fe < T™ we have K fe (i fc ) C H%. From 
S? = T/ 1 we have Kj(Sf) C #?. Since #™n Bf = 0, so Kj{S?)nK k {ik) = 0, and so again we have 
S™ < Tj(ife). Since the above holds for any n £ N, so V^L X 5J < T 3 (t fe ). Now suppose i < T 3 - (**,). 
Then Kj(io) H Kfe(i fe ) = 0. We may always find {H^,H^°) £ HP, such that ^(i ) C F™° and 
K fe (i fc ) C ff™ . Then we have i k < T™°. So V^S? > S™° = T™° > t . Since this holds for any 

to < Tj(i k ), so V^S™ = Ii(tfc). Thus, B jJk (t), 0<t < T 3 (t k ), is a continuous (^ x J^) t > -local 
martingale. Using a similar argument, we conclude that B^i k (t) 2 — t, < t < Tj(t k ), is also a 
continuous (T\ x T^ )oo-local martingale. Using the characterization of Brownian motion in |9J, 
we complete the proof. □ 

Theorem 5.1 Let a > 0. Let t 2 £ (0,T 2 ) be an (J 7 ?)- stopping time. Let d = a ■ llf^-ZW) > °> 



has 



w(z) = C\ ■ I (t\- Z 7 an d W = woip 2 (t 2 , ■)■ Then after a time-change, W(f3\(t)), < t < Ti(t 2 ), 
the distribution of a degenerate intermediate SLE(k;p) trace with force points 0+ and a. Moreover, 
o.a. Ti (i 2 ) < Ti and ft (Ti (t 2 )) = ft (f 2 ) . 

Proof. Let C 2 = Ci • (£ 2 (t 2 ) - g 2 (* 2 )) > 0. For < i < Ti(i 2 ), define 

?(t, *) = A , C : MAtM) n „ - <* + f g^#^lMl! ds; (5.3) 

^ V ; A 2 ,o(t,t2)-pi,i a (<,«/- 1 (*)) 7 S lj0 (s,t 2 ) 3 l ; 

r fA C 2 A 2 , 1 (t,t 2 ) [ l 2C 2 A 2 , 1 (s,i 2 )A hl (s,i 2 ) 2 , (t ... 

*W = F / n ~Oi+ . - , 3 ds; (5.4) 

~™ Ca^ift.Fa) /• t 2C 2 A 2 , 1 ( S ,f 2 )A 1 , 1 ( S ,f 2 ) 2 

E 2 ,i(t,t 2 ) J Ei M (s,t 2 y 

-,., C 2 A 2 .i(t,i 2 ) r [* 2C 2 A 2 , 1 (s,i 2 )A hl (s,i 2 ) 2 , ,,„, 

9 W = F 7TT^ Cl + / F , r x 3 as. (5.6) 

E 2l2 (t,t 2 ) J Ei fi {s,t 2 y 

Since A 2j0 (0,i 2 ) = ^ 2 (t 2 ), A 2A (0,t 2 ) = 1, and ^i,f 2 (0,-) = id, so lp(0,z) = z. Using (I4.15[) and 
(|4.16p with j — 1 and fc = 2, it is straightforward to check that 

2CfiV(M 2 ) 2 ,, 7 x 

<p(t,z)-£(t) 

Let u(t) = L C\ N (s , i 2 ) 2 ds . Then v(0) = and u is continuous and strictly increasing. So v 
maps [0,Ti(t 2 )) onto [0,T) for some T £ (0,oo]. Let ip(t,-) = ${v- l (t),-) and ^(t) = l{v~ x {t)) for 
< t < T. From (|5~7| . we have d t <p(t,z) = v u,z)-£(t) • Tnus ^( f ' ')' ° - l < T > are tne chordal 
Loewner maps driven by £ . 

Note that u> maps HI conformally onto H, and iy(£ 2 (4 2 )) = 00. Since ip 2 (i 2 , ■) maps H\/3 2 ((0, t 2 ]) 
conformally onto H, and ^(^j/fefe)) = £2(^2), so W maps H \ /3 2 ((0,i 2 ]) conformally on H, 
and W{(3 2 {i 2 )) = 00. For any * e [0,Ti(i 2 )), w" 1 maps H\ W(/?i((0,t])) conformally onto 
H\ ^ 2 (i 2 ,/3i((0,t])) =H\if lif2 (t). Since Vi,f a (*,') maps H \ K lih (t) conformally onto H, so from 
(JO]) . ip(t, ■) maps H\ W(/3i((0,t])) conformally onto H. For < t < T, let (i{t) = W (Pity- 1 (t))) , 
then <f(t, •) maps H \ /3((0, £]) conformally onto H. So (3(t), < i < T, is the chordal Loewner trace 
driven by £. 
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Let p(t) = p{v~ l (t)) and q(t) = gfv -1 ^)), < t < T. Applying (|4~T5j) and flUB?} with j = 1 and 
k = 2, and using v'(i) = C 2 N(t,i 2 ) 2 , it is straightforward to check that 



P'(t) = 



p(t)-?W : 



< £ < T; g'(t) = 



v(t) - m 



, < t < T. 



(5.8) 



Moreover, since A lfi (t,t 2 ) < B lfi (t,t 2 ) < B 2fi (t,t 2 ) < A 2 ,o(t,t 2 ) for < t < Ti(£ 2 ), so from 
(|5.4p - (|5.6|) and the definition of E 2 m , m = 0, 1, 2, we have 



£0) < p(t) < q(t) < 00, < £ < T. 



(5.9) 



Since Ai, (0,t 2 ) = <fe(ta) = Bi,o(0,ta), and A 2 , (0,£ 2 ) = £ 2 (£ 2 ), so S 2 , (0,£ 2 ) = £ 2 ,i(0,£ 2 ) 

£ 2 (£ 2 ) - g 2 (i 2 )- Note that A 2 ,i(0,£ 2 ) = 1, so 



£(0)=p(0) = 



c 2 



&(fe)-«a(t2) 

Since B 2>0 (0,ta) =fti(fa), so ^ 2 , 2 (0,t 2 ) = &(&) -pa(fc). Thus 

C 2 



d =0. 



(5.10) 



9(0) 



Ci = a > 0. 



6(*2)-Pa(fe) 

Note that E 2fi = —E 1>0 . Applying (|4.15[) and (|4.21|) with j = 1, fc = 2 and to = 0, we get 



(5.11) 



d4{t) = C 2 N{t,t2)d4i(t) + C 2 



A 2 ,i(t,t 2 ) \(K \A lt2 (t,t 2 ) 



Ei t o(t,t 2 ) 



V2 VEi 



,^l,l(*.*2) 5 



(t,t 2 



E lfi {t,t 2 f 



dt. (5.12) 



From gU), (|4739|) and (|4~40|) , we see that £i(£), < £ < Ti(£ 2 ), satisfies the (^ x Jf 2 ) t > -adapted 
SDE: 



■A hl A 1A 



*<« - ^ B "--« + K 3 - i ) (S - W + »<«>(fr - fj) 

From (|5.12p and (|5.13p we conclude that 



(t,i 2 ) 



dt. 



dm = C 2 N(t,i 2 ) \VtdBi,h(t) + 9 {R{tM))(-^jT 



Ai.i jtM) Ai,i(t,t 2 ) 
(t,fe) E l>2 (t,i 2 ) 



dt 



Let 



S(t) 



g (R(t,t 2 )) /4i(M" 2 ) Ai,i(*,t 2 ) 



C 2 N(t,i 2 ) 



Wi(£, 



*a) E 1>2 (t,t 2 ) 



(5.13) 



(5.14) 



(5.15) 



Since £(£) = £(«(£)) and u'(t) = C 2 N(t,t 2 ) 2 , so from (|5.14p and Lemma [5. 2[ there is a Brownian 
motion B(£) such that for < £ < T, 



From (|5.4p - (|5.6p . we have 



d£(t) = VndB(t) + S(v- l (t))dt 
A 2<1 (t,i 2 )E ltl (t,t 2 ) 



(5.16) 



p(t) - £(£) = C 2 

«(t) - m = c 2 



Eifi(t,t 2 )E 2t i(t,t 2 ) 
A 2 .i{t,t 2 )E 1 . 2 {t,t 2 ) 



Thus, 



Eifi{t,t 2 )E 2 p(t,t 2 ) 
p(t)-i(«) E 1 , 1 (t,t 2 )E 2 , 2 (t,t 2 ) 



l(t)-Z(t) E h2 (t,t 2 )E 2:1 (t,t 2 ) 



R(t,t 2 ). 
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From (|3.7[) . (|5.15[) and the above formulas, we get 

Jim - m,q(t) - m = -( *~ - — U • g"( ??~I'! ) = *(*)• 

w)-€(*) <?(*)- e(*) ; v <zw-ew y 

From (jUTTo)) we find that, for < £ < T, 

d£(t) = V^d^(t) + J(p(t) - (,(t),q(t) - £(t))dt. (5.17) 

So £(£), p(i) and q(t), < t < T, solve ([EH]) and ([57T7|) . and satisfy (j5.9H5.lip . Assume that 
this solution can be extended beyond T. Since k G (0,4), so /3(T) = lim t _> T - (3{t) G H. Thus, 
lim t _>(x 1 (t 2 ))- W{j3\{t)) G H. From the definition, W maps H \ /3((0, £2]) conformally onto H. So 
we have lim t ^( Tl (j 2 ))- /3i(t) G H \ /3((0,t2]). This implies that the distance between /3i((0,Ti(t 2 )]) 
and /?2((0, £2]) is positive. This is impossible because of the definition of Ti(?2) and the fact that 
lim t ^ T - /?i(t) = £2 = /?2(0). Thus (0, T) is the maximal interval of the solution. From (|5.8j) - (|5.1ip 
and (|5.17p . we see that (3(t), < t < T, is a degenerate intermediate SLE(k; p) trace with force points 
+ and a. Since (5 is a time-change of W(/3i), so after a time-change, W(/3i(t)), < i < Ti(i 2 ), has 
the distribution of a degenerate intermediate SLE(k; p) trace with force points 0+ and a. 

From Corollary [3j] and the fact that MK _1 (oo) = /^(fe), we see that a.s. ^(te) is a subsequential 
limit of /3i(t) as £ -» (Ti(fa))-. If Ti(* 2 ) = Ti then lim t _ (ri (f 2 ))- /3 x (t) = lim t ^ T - /3i(i) = x 2 ^ 
$2(^2) because £2 > 0, which a.s. does not happen. Thus, a.s. Tifo) < T\. Since /3i is continuous 
on [0, Ti), so a.s. /3i(Ti(i 2 )) = lnri t _>( Tl (t2))- /?i(t). Since a.s. foih) is a subsequential limit of (3\{t) 
as i -» (Ti(fa))-, so /Si(Ti(fe)) = /3 2 (i 2 ). □ 

Theorem 5.2 Almost sure??/ /3i((0,Ti)) = /3 2 ((0,T 2 )). 

Proof. For n G N, let S n be the first time that \02{t) — ^i| = 1*2 — X\\/(n + 1)- Then for each 
n G N, 5„ is an (:F 2 )-stopping time, 5„ G (0,T 2 ), and T 2 = V^S^. For each q G Q> , let 
Sn,g = S„Ag, which is also an (.F t 2 )-stoppirig time. Then {S n ,q : n G N, q G Q>o} is a dense 
subset of (0,T). Applying Theorem 15.11 with i 2 = S'n.g, we see that a.s. /32(S n ,q) G /3i((0, Xi)) 
for any n G N and <? G Q>o- From the denseness of {S ntq } and the continuity of /3i, we have 
a.s. /^((O, I2)) C /3i((0, Xi)). Since both /3i and fc are simple curves, /3i(0) = X\ = /^(Xb), and 
#a(0) = x 2 = ft(Ti), so a.s. /9i((0,r x )) = /3 2 ((0,T 2 )). □ 

Corollary 5.1 Suppose fl(t), < i < 00, is a degenerate intermediate SLE(k; p) trace. Then a.s. 
limt-njo /?(t) = 00. 

Proof. Suppose that the force points for /3 is + and ao > 0. Applying Theorem 15.11 with a = ao 
and any (.F 2 ) -stopping time f 2 G (0,T 2 ). Then W(/3i(£)), < t < Tifo), has the same distribution 
as (3(t), < t < 00, up to a time-change, and a.s. lim t _( Tl (f 2 ))- /3i(i) = /3i(Xi(£ 2 )) = foih)- Since 
W / (/32(^2)) = 00, so a.s. lim t ^( Tl (j 2 ))- W([3i(t)) — 00. Thus, a.s. \m\ t -,oo P{t) = 00. D 

Proof of Theorem 11.11 We may find W\ that maps H conformally or conjugate conformally 
onto H such that Wi{xi) = 0, Wi(xf ) = (F, and W^(x 2 ) = 00. Let W 2 = W^ 1 o W x . Then W 2 
maps H conjugate conformally or conformally onto H such that W2(x2) — 0, W^x^) = Q a , and 
WbOci) = 00. Recall that for j = 1,2, /%(£), < t < Tj, is a chordal SLE(k; p, k — 6 — p) trace 
started from (xf,x - 3 , £3-^), where <Ti = + and o~% = — . From Proposition ^. 11 after a time-change, 
WT 1 (A)(0): < i < 00, has the same distribution as /3j(t), < t < Tj, j = 1,2. From Theorem 
15.11 after a time-change, the reversal of /3 2 (t), < t < T 2 , agrees with j3i(t), < £ < T-y. Thus, 
W 2 _1 (/3o(l/t)), < t < 00, has the same distribution as W 1 _1 (/3 (i)), < t < 00, after a time-change. 
Since W = W\ o W^ 1 , so the proof is finished. □ 
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Proof of Theorem 11.21 Applying Theorem 15.11 with any (jF t 2 )-stopping time t 2 £ (0,T 2 ) and 
a = l/6 , we get w(z) = a ■ ggjlffig • f^f^ and W = w o y 2 {t 2 , ■), such that after a time- 
change, W(f3i(t)), < t < Tx(i 2 ), has the same distribution as a degenerate intermediate SLE(«;p) 
trace with force points + and a = 1/bo- 

Let f = T 2 - i 2 . For < t < f, let 0)j= &(t 2 + t), p(t) = p 2 (t 2 + 1) and q(t) = q 2 (t 2 + t). Let 
S(i) = B 2 (t 2 + 1) — B 2 (t 2 ), t > 0. Then f?(t) is a Brownian motion that is independent of £2(^2), 
p 2 {t 2 ) and q 2 (t 2 )- From (|4?T ]) -([43 ]) , £(*), p(t) and g(£), < i < f, satisfy the following SDE: 

d£(t) = V^dB(t) + ^ £ dt+ ~~ 6 ~ P dt 7 

~ 2 _ 2 

dp(i) = — di, dg(£) = ~ — dt, 

p(*)-ew «w-«*) 

with initial values 

e(0)=6(* 2 ), p(0)=P2(t 2 ), g(0) = «a(t 2 ). 

For < i < f , let £(*, •)_= M*2 + 1, •) o ^ 2 (i 2 , -) _1 and /3(i) = ^2(^2, /3a (*2 + *))• Th 5 n £(0, z) = z, 
and tp(t 7 z), < t < T, satisfy dt(p{t,z) = ^ — 2 - , and for each < t < T, (p{t,-) maps 

H \ /3((0, i\) conformally onto H. Thus, f3(t), < t < T, is the chordal Loewner trace driven by £. 
The solution £(£), p(i) and g(t), < £ < T, could not be extended beyond T because lim t ^y_ /3(i) = 
<p 2 (i2,lim t ^ T -/3 2 (i)) = <P2(t2,xi) £ M. Thus, J3(t) = (p 2 {h,Mh + *)), < £ < T 2 - i 2 , is a 
chordal SLE(k;,o, k— 6 — p) trace started from (^C^);^^),^^))- Let Wi = Wo" 1 ° w - Then 
W^ 1 o VF = Wi o <p 2 (J 2 , •), Wx maps H conformally onto H, Wi(£ 2 (i 2 )) =0, Wi(g 2 (*2)) = 00 and 
Wx(p 2 (i 2 )) = l/o - 6 . From PropositionO W^ 1 o W(/? 2 (i 2 +*)) = Wi (/?(<)), < t < T 2 -i 2 , has 
the same distribution as f3o(t), < t < 00, after a time-change. From Theorem 15.11 and Theorem 
15.21 after a time-change, the reversal of (3 2 (t), t 2 < t < T 2 , has the same distribution as /3i(t), 
< t < Tx(i 2 ). Thus, after a time-change, Wo((3o(l/t)), < t < 00, has the same distribution as the 
reversal of W{(3x{t)), < t < Tx(i 2 ), which has the same distribution as a degenerate intermediate 
SLE(k;p) trace with force points + and 1/bo. n 

Now we will see some applications of Theorem ll.il The following proposition is Theorem 5.4 in 
|13j . where d^S is the right boundary of S in H (c.f. 13J). 

Proposition 5.1 Let k > 4, C > 1/2, and K(t), < t < 00, be a chordal SLE(k; C(k — 4)) process 
started from (0;0 + ). Let K(oo) — Ut<ooK(t). Let Wq{z) = 1/z. Then Wq (d^K(oo)) has the same 
distribution as the image of a chordal SLE(k'; C'(k' — 4), |(k' — 4)) trace started from (0; + , 0~), 
where k' — 16/k and C = 1 — C. 

Applying the above proposition with (7 = 1, and applying Theorem 11.11 with k = k' and p = 
i(7c' — 4), we conclude the following theorem, which is Conjecture 2 in [2]. 

Theorem 5.3 Let k > 4, and K(t), < t < 00, be a chordal SLE(n; k — 4) process started from 
(0; + ). Let K(oo) — Dt<ooK(t). Then 9^^(00) has the same distribution as the image of a chordal 
SLE(k'; ^(k' — 4)) trace started from (0;CP), where n' = 16/k. 

The following proposition is a part of Theorem 5.2 in |14j . 

Proposition 5.2 Let k > 4 and C+, C- > 1/2. Let K(t), < t < 00, be a chordal SLE(k; C + (k - 
4),C_(k-4)) process started from (0;0+,0 _ ). Let K(oo) = U t > K(t). Let «' = 16/k and W (z) = 
1/z. T/ien lFo(9jjj"A"(oo)) /ias i/ie same distribution as the image of a chordal SLE(n'; (1 — C+)(k' — 
4), (1/2 -C_)(k'- 4)) trace started from (0;0+,0 _ ). 



17 



Applying Proposition 15.21 with C+ = 1 or C— = 1/2, and using Theorcm ll.il we conclude the 
following two theorems. 

Theorem 5.4 Let k > 4, C > 1/2, and K(t), < t < oo, be a chorda! SLE(k;k - 4, C(k - 4)) 
process started from (0;0 + ,0~). Let K(oo) = Ut <00 K(t). Then d^K(oo) has the same distribution 
as the image of a chordal SLE(n'; (1/2 — C)(k' — 4)) trace started from (0; - ), where k! = 16/k. 

Theorem 5.5 Let k > 4, C > 1/2, and K(t), < t < oo, fee a chordal SLE(k; C(k - 4), \(k - 4)) 
process started from (0;0 + ,0~). Let K(oo) — Ut<ooK(t). Then d^K(oo) has the same distribution 
as the image of a chordal SLE(n'; (1 — C)(n' — 4)) trace started from (0;0 + ), where k! — 16/k. 
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